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(X ® X)CNOT = CNOT(X ® I)

To prove this let’s look at how this acts on the computational basis.

Which shows that the two circuits are equivalent.

4



(I @ X)CNOT =CNOT(I ® X)

We again look at how this acts on the computational basis.

Which shows that the two circuits are equivalent.

B
100 0
010 0
CZ=1001 o
000 —1

The computational basis for a two-qubit system in vector representation is,

1 0 0 0
0 1 0 0
0 0 0 1
From this it follows that
1 00 O 1 1
010 0 0 0
CZ|00) = 001 0 ol = lol = |00) .
000 —1]10 0

Repeating the same computations on the other computational basis states gives,

CZ|00) =100) CZ|01)=[01) CZ]|10)=[10) CZ[11)=—]|11).
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To show C'Z; o = C'Zy; we show that both act in the same way on the computational
basis.

CZl 2 CZQ 1

100) > |00) < |00>
’01> CZ12/ ’01> lCZQl (Z|0y= |01>
‘10> CZ1,2(Z|0)= ’10> L2 ‘10>
‘11> CZ12(Z|1)= ’11> CZ21(Z2]1)==1)) |11>
2
Let [4) = |01).
CNOTLQ ‘w> = ’01) 7£ CNOTQJ ’w> - |11> — CNOTLQ 7£ CNOTQJ.
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To show (I ® H)CZ,5(I ® H) = CNOT) » we show that both acts the same on the
computational basis.

First consider (/ ® H)CZ,2(I @ H):

¢15(|00> +jon) = j§(|oo> + Jon)) £

751001+ +10) =) = 5(100) +101) + [00) ~ 01) = 5200) = [00)

©[00) = 0} [+) = =

|01>(”ﬂ>|0>|—>=f<|oo> |01>>@>f<|oo> jo1)) =2
75001+ =10} =) = .= [o1)

o [10) L2 1) |+) = 7<|1o> + 1)) =22 j§<|10> — 1)) L5
TS0+ =1 =) = = 11

o [11) L5 1) =) = —((10) = [11)) <5 —(110) + 1) L

jﬁun )+ (1)) = .= [10)

We know from before that,

combining the two results gives that (I ® H)CZ; (I @ H) = CNOT 5.
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4

To show (H ® H)CNOT,2(H ® H)
on the computational basis.

It can easily be seen that:

= CNOT,, we show that both acts the same

CNOT3, |00) — [00), CNOTy1 [01) > [11), CNOTy1 |10) 5 |10) and CNOTy; |11) 5 |01) .

Next show that (H® H)CNOT; 5(H ® H) acts the same on the computational basis.

0]00) (HEH), [+) [+) = ;(\00> +]01) + 10) + [11)) ZE2T2, 1(\00) +101) + |11) + |10)) AUCLIN
S )+ 912 + =) 1) + =) 1) = .= [o0)

o101y Y2, |1y = 2(100) — Jo1) +]10) — [12)) Z20% 2 (joo) — fon) + [11)  [10)) L2
SIR ) = 1) =) +1-) =) = =) ) = .= [11)

010) Y20, 1) ) = Z(100) +]01) — 10) — [12)) X% Z(jo0) + Jor) — f11) — 10) L2
SIR )+ 1) =) = 1= =) = =) 1) = .= [10)

o 1) L1, | |- = 2(100) — [01) 10 + [11)) <2 Z(joo) — fon) — [11) + [10)) L
S ) = 912 = 191 + =) 1+) = .= [on)






Problem 2

A

Express |[®7) = %HOO) +]11)) in the +-basis. Expressing this in the computa-
tional basis,

) = 5100} + [01) +]10) + 1)
[+-) = 5(100) ~ Jo1) + [10)  [11))
) = £(100) + [01) — |10) ~ 11))

=) = 5(100) — Jo1) — [10) +]11))

From this we can see that |¥*) = %(|00> +1]11)) = %(|—I—+> —|—=))-
Express |GHZ) = %(!000)4—]111)) in the ([+++),|++ —),...,|— — —))-basis.

With similar a computation as above we get that |GHZ) = %(\000) +]111)) =
e A e R it el e PO

B
ONOT [+-+) = ONOT (00} + [o1) +]10) + [11)) =

= 2100} + [01) + 11} + [10)) = [+4) = [+) © [4) .

Yes, it is a product state, since the state is equal to |[+) ® |+).

C

CZ|4+) = CNOT;<|00> F101) 4+ [10) + [11)) = ;(|00> F101) 4+ [10) — [11)).



This state is not a product state. To show this consider two states 1)) = a |0)+0|1)

and |¢) = ¢|0) + d|1), their joint states is,

ac
ad
be
bd

) ® |6) = ac |00) + ad [01) + be [10) + bd |11) =

ac=1=bc = a:b(sincec;é()),adzla;bbd:—l = 1=-1.

Which is a contradiction.

D
Let [¢) = a|0) + b|1), compute CNOT |¢) |—),

CNOT |¢) @ |—) = CNOT(\}§

V2

The state is a product state, let |¢) = a|0) —b|1) and |y) =
follow that [¢) ® [7) = 5(a]00) — a[01) +b|11) — b[10)).

E

L (a]00) = a |01) + b]11) — b[10)).

1
2

S

(a]00) — a]01) + b]10) — b[11)))

(|0) — |1)) then it

Show that SWAP = CNOTLQCNOTQJONOTLQ(|¢> X |¢>) = |§Z§> X |77Z}>, where

|1) ,|p) are single qubit states.
computational basis.

10) @ [0) = |00) 2, |00) 100) + 00
0) @ 1) = |01y 202 jo1) SEOE 1y SO, g
1) @ [0) = [10) <292 17y CHOTL gy SO 1
|1> ® |1> _ |11> CNOTIQ, |10> CNOT21/ |10> CNOT: 2 |11

F

The unitary matrix describing the transformation:

To show this it is sufficient to show it for the

|00) — |00}, |01) — —|01),|10) — —|10),|11) — |11).

is

1 0 0 0
0 -1 0 0

=1y o 1 ol =29%
00 0 1
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The unitary matrix describing the transformation:
|00) — |00}, |01) — |01),]10) — |11) |11) — —|10).

is

100 0
w=0 o o Y| =cnor-cz=cnorue moNoT(I @ ),
001 0
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Problem 3

A

Show that H®?|00) = 1(|00) + [01) + [10) + [11)).

H®*|00) = (H ® H)(|0) ® |0)) = H |0) @ H |0) =

1 1
= 75(00) + 1) © —(10) +]1) =

_ ;<|oo> +101) +[10) + [11)).

This can be rewritten as H%? [00) = £(]00)+|01)+]10)+|11)) = \ﬁzxe{o 12 |z). We
want to use this to prove that in general it holds that H®™|0") = \/27 > sefoayn |T)-

For any n > 2 we have,

H* "M =(HH® --HH)(|0)®|0)® - ®]0)=H|0)® H|0)®---® H|0) =

(10) + 1) & j§<\o> Te-e j§<\o> 1) =

iy st gty _ L
f(|0>+|1>)®H 0"75) \/5(|0>+|1>)®
1

I
-5

1
— >, lo)=
21 z€{0,1}n—1

z€{0,1}n—1 z€{0,1}n—1

=ﬁ|0>® Yo m+e Y |o)=
1

ze{0,1}7

B
For b € {0, 1} the Hadamard on the computational basis can be written as,
1
HIb) = —=(|0 1P1) = — —1)%Y |y).
b) = \/—(H (=1)" 1) ﬁye%):,l}( )" 1Y)

Use this to show H®" |x) = \/27 >sefoayn (1) |y).
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First consider the case where n = 2, z € {0,1}? = z1 ® zo where z; € {0,1} for
i=1,2.

H® |z) = (H @ H)(|21) ® |22)) = H |01) ® H |22) =

1 1Y i _1\*2'Y —
:ﬂye%‘fl}(_l) |y)®\/§ Y (=)™ |y) =

ye{0,1}
1 1
S X DT = = S (1),
\/? yE{0,1}2 \/? y6{071}2
Now let’s consider the case where n > 2, € {0,1}" = !, x; where z; € {0,1}
for i = [1,n].
H |z) = (HQH®-- @ H)(|21) @ |02) @ -+~ @ |0)) = H |21) @ H [12) @ -+ @ H |2) =
1 1
= ( Z $1 Yy ’y ) < Z (_1):132-3/ ‘y>) ® e ® ( Z (_1)$n'y |y> > =
V2 ye{0,1 ﬁyE{O,l} \/gye{O,l}
1
7 Z ™Y y) @ HO" ' i) =
7 S 0O pm S0 = g S D) -
ye{0.1 2" yeqoy ye{0,1}n
1
Z )TV |y) = > (1)),
\/_ ye{0,1}" v ye{0,1}"

where & = Q7' 7; where x; € {0,1} for i = [1,n — 1].
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Problem 4

00y =0,

10))

[4)10) = 25(100) + [10)) 2 1(joo) + [10)) <224 L(j00) +
ONOT 2, 1100 + [11)).

100) s 14) [4+) = (100) +[01) + [10) + [11)) L(|00) +|01) +
1) + [10)) %%u 0) + [11) + |01) + |10)) %%u 0) +[10) +

01) + (1)) L=, 100).

CNOT 5
ey

%\

1001) 255 14y |4+) [-) = 525(1000) — 001) + 010) — [011) + [100) — [101) +

CNOTy,
1110) —[111)) % 575(1000) =[001) 4-010) — [011) +[101) — [100) +[111) —
CNOT:,
1110)) = 525(1000) =[001) +]011) —|010) +[101) —[100) +[110) —|111)) =
——-)
(H®I) CNOT1 2 (TeTt)

100) =2 4 [0) = L5(100) +]10)) 75(100) +[11)) —— 5(]00) +

gim/A=in/1|11)) = %(|00> +[11)) 2L 1(joo) + Jo1)) L2 (o)

Since T is unitary it follows that TTT = I, since T® = I this can be rewritten as
TT) =1 = T"=T".

The unitary performing this operator is SWAP, ;CNOT, sCNOT5 5.

The unitary performing this operator is TT H.
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4

The unitary performing this operator is (X@X®IQI)(CNOT, 2)(CNOT, 3)(CNOT,4)(H®
[@I®]).
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Problem 5

A projective measurment is specified by a collection of projectors {P;}¥_; satisfies
P?=P, PbP;=0and 0 P, = I.

A

Show that Py = |00) (00| +|11) (11| and P, = |01) (01| |10) (10| constitutive a valid
projective measurement.

Lets consider Fy and P; in their matrix form:

Py =00) (00] + |11) (11| =

cocoooc oo o~

P1=01) (01| + |10) (10| =

SO RO OO oo
oL OO OO oo

cCo oo =o oo

From this it follows by matrix multiplication that B} = Py, P = P, and PP, = 0.
It is also straight forward to see that Py + P, = I.
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Alternative way of showing this.

Py = (/00) (00] + [11) (11[)(|00) (00] + [11) (11]) =
= |00) {00/ [00Y (00| + |00) {00] |11 (11| + [11) (11| |00) (00| + [11) (11]|11) (11] =
=100) (00| + |11) (11| = P,

Pt = (|01) (01] + [10) (10[)(|01) (01] + [10) (10[) =
—101) (01] [01) (01| 4 [01) (01| [10) (10| + [10) (10| [01) (01| + |10) (10] |10) (10| =
=101) (01] + |10) (10| = P;.

PoPy = (|00) (00 + [11) (11])(]01) (01| + [10) (10]) =
=100) (00| [01) (01| 4 00) (00| |10Y (10| + [11) (11| |01) (01| + |11) (11| |10) (10| = 0.
Py + Py = (]00) (00| + [11) (11]) + (|01) (01| + [10) (10[) = I

B

Measuring state |[++) =
task A.

£(]00) 4-101) + |10) + |11)) in projective measurement from

First consider Fy. Probability of seeing outcome 0 is given by,

(++1 Py ) = 5 ((00]+ (01] + (10 + (111 ) (100) (00] +[11) (111 )5 J00) + o) +[10) + 11} ) =

_ i( (001 + {01] + (10 + (1] )
( 100) <00|_yoo> +100) <ooy_]o1> +100) <00]_]10> +100) <00]_]11) +
+[11) <111_100> 1) <111_yo1> 1) <11]_|10> 1 <11|_\11>) _

= ({0014 4011+ (0] + (111 ) (Jo0) + 1) ) = ... = ({00] 00} + (1] 1)) = .

The post-measurement state after seeing 0 in a measurement is,

Pyl++)  _ (|00){00] +|11) (11])3(]00) + [01) + [10) + [11)) _
(++| Py |++) i
ooy 1)
7 .

. . . 1 P1|++> _
Doing the same computation for Py gives that (++| P [++) = 5 and T BT
(101)+[10))

R
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If we instead consider measuring the state ®* = \%(|00> +|11)), what is the prob-
ability then of seeing 0/1.

We start with computing the probability of seeing 0.

(®F| Py |0F) = \2( (00] + <11|)<|oo> (00] + 1) (1] >¢1§< 100) + |11>) _

_ ;(<00| + 1 >(|00> (00[ 100y + [00) {00] [11) + [11) {11] [00) + [11) {11] \11>) -

_ ;(<00| + 1)) (Jooy+ 111y ) = . = ;(<ooy 100) + (11| [11)) = ; 4 ; ~1
And the post-measurement state is,

Py|dt) (100) (00| + |11) (11])5(|00) + [11)) _(|00) (00| + [11) (11])(J00) + [11)) _
J(@F| Py [@F) V1 V2
_100) (00[ [00) +[11) (11| [11)  (]00) + [11)) %)
R 7 = S = e).

Consequently (®F| P, |®1) = 0.

C

The projectors for measuring the first qubit in a 3-qubit state are : Py = |0) (0|®@1®1,
P=11|®Iel

« What are the possible post-measurement states and probabilities of them when
measuring the first qubit in GHZ state? Remember GHZ = %(]OOO) +111)).

We start with computing the probability of seeing 0 and 1.

(GHZ| By |GHZ) — \}5(@00\ + (111 ) ( 10) (0] ® I @ 1)%( 1000) + \111>) _
- ;(<000| + <111|)(|o> 0100 @110y @ 1]0) + [0) 0] [1) &1 |1) ®1|1>> _
_ ;( (000] + <111|) 1000) — ;(<000| 1000) + (111] |000>) _ ;
(GHZ| P, |GHZ) — \}i(mom (111 ) ( n|ele 1)\}5( 1000) + |111>) - ;
And the post-measurement states are ,
nicHz __(Wleleng sy
JIGHZ| Ry |GHZ) 7
mignz __(0ere D0 i)
JIGHZ| P |GHZ) NG
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o What are the possible post-measurement states and probabilities of them when
measuring the first qubit in |WW) = %(|001> +1010) + [100)) state?

We start with computing the probability of seeing 0 and 1.

(W By [W) = 001 + (010] + (100| ) ( 0) (0] ® [ ® 1) 1001) + |010) + [100) >

1
it 7l
_ ;(<001| + (010 + (100| ) ( 00110 @I |0) ® I [1) +
10y 101 0) @1 1) @ 110) + [0) (0] [ @1 [0) & 1 [0)) =
_ ;(<001| +(010] + (10| >(|001) + |o1o>) _

1
= 3<<001| 001) + (010] [001) + (100]|001) +

=1 =0 =1

+ (001 |010) + (010] [010) + (100| |010)> =

2
-
(W] Py [W) = \}§<<00u +(010] + (100] ) < RN I> f< 1001) + |010) + |100>>
- ;(<oou +(010] + (100])(\1) 10) ®110) @ I]1) +
+ (1) (1]10) @1 [1) @ I |0) + [1) (1] [1) @1 [0) ® I |0)) =
(<oo1| +(010] + <100|> 1100) —

((001| |100) + (010] |100) + (100] [100) = =

oo\»—k OJM—‘

And the post-measurement states are ,

pwy  (10)(0]® I @ I)7z(|001) + |010) + [100))  |001) + [010)
(W[ Py W) V2
PW) (D (@1 ®1)5(|001) +[010) +[100)) 100

(W] P W) 3

D

Remark this circuit is the same as we looked at in Problem 4.5.3.

Assuming that [¢)) = a|00) +b6]01) + ¢ |10) 4+ d |11), the 3-qubit state transforms as,
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(@ ]000) +b|010) 4 ¢[101) + d|111))
(a|000) + b |011) 4 ¢|101) + d [110)) = |4)) .

CNOT, 3
—

Intrpducing the notation |¢)).

Since we want to measure only the third qubit in the 3 — qubit state in the com-
putational basis the corresponding projectors are: Py = I ® I ® |0) (0| and P, =
I®I®|l) (1]

We start with computing the probability of seeing 0 and 1.

(| Py ) = (a (000] 4 b (011 4 ¢ (101 + d<110|>
([ © 1@ |0) (0] ) <a 1000) + b[011) + ¢ |101) + d\110>> _

- (a (000] + b (011] + ¢ (101] +d<110|)

(a[[\@) ®1)0)® |0)m} +o[Ij0) @I @ \O)MH

eIy @ 110) @10y 701 [1)] + 1) @ T]1) @ yo>M])
- (a (000] + b (011] + ¢ (101] +d<110|)(a|000> +d|110>> —
= .= (a2 (000] |000) + d* (110| |110>) = (a* + &%)

(| Py [§h) = (a (000| + b (011 4 ¢ (101 +d<110|>
(1@1@ 1) (1]><a|000>+b\011) +c\101>—|—d\110)> _

— (a (000] + b (011] + ¢ (101] +d<110|>

=0 =1

(a[110) & 710} & )0} ] + o710y & 111y @ 1) 1] 1) |+

T+ 110y @ )] +d) e 1) e u>’<ﬂ@}) _

— (a (000] + b (011] + ¢ (101] + d (110] ) (b|011> + c|101>) _

_ = (52 (000] [000) + ¢2 (10| |110>) — (1 + )
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Py  (I®I®]0)(0])(a]000)+b]011) + ¢|101) +d[110))  a|000) + b|110)

(D B ld) Vet & - Vet d

Py (I@I@]1)(1])(a]000) +b]011) +c[101) +d[110)) _ b|011) +c[101)

(1/7]P1 \z/?) Vb2 + 2 N
E

The projectors for measuring one qubit in the +-basis are: P, = |+) (+| and P_ =
=) (=l

The projectors for measuring the first qubit of a 3-qubit state the +-basis are:
P,=|t)(+|@l®Tand P.=|-)(—|@I®I.

o What are the possible post-measurement states and probabilities of them when
measuring the first qubit in GHZ state? Remember GHZ = %(|000> + |111).

We start with computing the probability of seeing 0 and 1.

(GHZ|P. |GHZ) = <<000| + (111 ) ( ) (+H @I I) \lf(|ooo> n |111>)

Sl

<<000|+<111|)(|+> H10) @I [0) @ T[0) + |+ (][ @I [1) & I |1))
1

— = ((000] + (111 ) (1+100) + 4} 1) ) =

Sk

2v/2

. =7 =0 =0 =7
_ m((oom 14+ 00) + (000] [4) [11) + (111| |+) |00) -+ (111] [+) |11>> _
12 1

23VE 2

(GHZ|P_|GHZ) = ;§(<000| + (111 ) ( By 1> }( 1000) + |111>>

Sl

%
=< (4000 + 1) ) (1) T @1 10) @ 110} +1-) =0 @1 1) & 1]1))
1

— = ({000 + 111 ) (1) 100) = |- 11y ) =

2v/2
1 ~ =0 =0 e
= 2\/5(<000| |—)00) + (000] |—) [11) — (111]|=) [00) — (111] |- |11>> -
b2 1
2V2v2 2

22



And the post-measurement states are,

P, |GHZ) (J4) (+| ® T ® I)1(|000) + |111))

= 1 =

J(GHZ| P, |GHZ) 7
= (100« 111y ) =
_ ;( 000) + [100) -+ [011) + [111) )

P |GHZ) (I=) (=@ I'® 1)5(]000) + [111))

= 1 =

V(GHZ| P_|GHZ) 7

= 5 (1100 - 151 -
_ ;(\000> — 1100} — 011) +[111) ).

o What are the possible post-measurement states and probabilities of them when
measuring the first qubit in W state? Remember |W) = %(\001) +1010) +
|100)).
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We start with computing the probability of seeing 0 and 1.

(W| P, [W) = \%((oou +(010] + (100 ) ( ) (H eI 1) (|001> +1010) + |100>> _

-

_ ?1)<<001| +(010] + <100|)

1

=75 — =

= (s
Sk

<\ ) (F110) @T'10) @ I1) + [+) (+]10) @1 [1) @ T']0) + |+) (+| >®f!0>®f|0>>

\_/:

3f< (001] + (010] + (10| ) (\ }101) + |+) [10) + |+) |00)

1

V2 =0 0

3\/_< (001 |+) |01) + (001] |[+) [10) 4 (001]| |4+) |00) +

(010 H—> |01) + (010] |+) |10) + (010| li—I—) |00) +
=0 =0 =7

(100] [+ |01 + {100] | +) |10 + (100] |+) |oo>) _
103 1
T3V2V2 2

1

(W|P_ W) = \/§(<001| +(010] + <100|>(|—> (| ®I®I)\/_(|001> +[010) + |1oo>)

QO\H
N

<oo1y 1 (010] + <1ooy)

S
SiL

(\ >< HO>®I\0>®U1> =) (=10) @I [1) @ I10) +[=) (= H1>®UO>®I!0>)

((@01] + {010/ + (100] ) (1= 101) + [} 10) ~ |-} 00} ) =

7
f< (001 | |01 (00L] [— |10Y + (00| [—) |00 +
(010 |—> 01) +(010] |=) [10) + (010[ [—) [00) —
=0 =0 :%

(100] =) [o1] ~ {100] =) |10 ~ {100[ =) [o0) ) =
1

o
&



And the post-measurement states are ,

P.|W) (1) (+| ® I ® I)555(]001) + [010) + [100))

(W[ P W) V2

= (0 + 110 + 19100 ) -

)

1
_ M< 1001) + |101) + |010) + |110) + |000) + \100>)
Py (9] @19 D a (00 + [010) +[100))
VTP W) 7
1
= (1= 100) + 1) 10) ~ 1) ooy ) =
1

_ M< 1001) — [101) + [010) — [110) — |000) + |1oo>)

F

Consider a general [¢) = a|++) +b|+—) +c|—+) +d|——).

[¥)10) = al++) +bl+=) +c|—+) +d——) ® [0)
LIZED, (a]00) +b101) + ¢ [10) + d[11)) ©0) = [000) + b[010) + ¢[100) + d [110)
EEZD, 01000) + b[010) + ¢ [101) +d [111)

(ENOBD, 41000) + b]011) + ¢|101) + d [110).

LD a4 [0) + b l+=) 1) + | =) [1) + =) [0) = ).

Introducing the notation |¢)).

Since we want to measure only the third qubit in the 3 — qubit state in the com-
putational basis the corresponding projectors are: Py = I ® I ® |0) (0] and P, =
I®I®|1)(1].
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We start with computing the probability of seeing 0 and 1.
(@1 Po19) = (@ (+-+ (0] + b (| (1] + e {=+] (1] + d{=—| (0]
<1®1® 0) <0|)<a|++> 10) 4 b |+=) [1) + ¢ |—) [1) + d |[——) |o>)

— <a<++|<0|+b<+—|(1|+c( (1] +d {——] (0]
<a[1|+>®1|+>®|0><0||o>]+b[f|+>®1| >®|0><0||1>]+

+c[1|—>®l|+>®|O>M}+d[1|—>®1|—>®|0>m]> =
— (@ e+ 01+ b (= A+ (=4 1]+ d (== (0] ) (al++) [0} + d|-=) 0y ) =
— = (@ GO0 [+4) [0) + & (== (0] ==)10) ) = (@ + )
(@1 Py 19) = (@ (44 (0] + b (= (1] + e (=+] (1] + d{=—| (0]
(re1@11) (1) (al++)[0) + b1+ 1)+ c|—+) 1) +d|-=) [0} ) =
)

_ <a<++|<0|+b<+—|(1|+c( {1+ d (=] (0]
(a[1|+>®ll+>®|1><1||0>}+b[l|+>®1|—> |—><+||1>}+

retlme e UM +d- -y en o)) =

— (@ e+ 01+ b (= A+ (=4 1]+ d (== 0] ) (b=} [1) + e|=+) 1)) =

= .=+
Py ) _ (e Ie|0)0)(al++)10) +b[+=) 1) +c|=+) [1) +d[=—)[0)) _
(W] Py |9) va? +d*
_al+H)[0) +b[-—)]0)
Py ) _Uele)A)(al++)10) +b[+=) 1) +c|=+) [1) +d[=—)[0)) _
(W] Py [4) v+ ¢
_ b= D 4 el=H) 1)
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